Lecture 8: Implicit Differentiation
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Implicit differentiation

What if a function is defined as x? + y? = 25?

In some cases: express y = +Vx2 — 25 ¢ 2 funchons
We want to differentiate y:

2x

, 1
y'(x) = im*
or

x> +y?2=25 y=y(x)afunctioninx

We can differentiate both sides with respect to x.
= (x +y2(%) = —(25)

~x? + 2y (x) = =-(25)
2x+2*y(x)*w—0

d_
d

inner oewivahve
2x +2y*y' =0  -->now solve fory'
2y xy' = —2x
y*y'=-
r— X
y=75

Compute the tangent line at (@@)
slope:y' =
equation for tangent line: t(x)

t—@—@x—@)

3

t=—Zx——*(—3)+4
3 25
t=—"x+7
Example v\+ o Wt 4 g0t
x+y?=6xy "o \%o\?‘"‘”"‘h

Differentiate both 51des.
3x%2 +3y%*y’ =6y + 6xy’
3y2%y’ —6xy’ = 6y — 3x*
y2y' —2xy' =2y —x?
y'(y? —2x) =2y — x?

solve for y' by putting all terms with y' on the
left and the rest on the right side

r 2y—x2

y = y2—2x

Tangent line at (3,3)
r _ 2(3)-32

T 22-2(2)

9-6 3
t—3=-1(x—3)
t=—-x+6
Ex

sin(x +y) = 2x — 2y
cos(x+y)«(1+y')=2-2y
cos(x+y)+y'cos(x +y)=2-2y'
y'(cos(x +y)+2) =2 —cos(x +y)

y __ 2—cos(x+y)
- cos(x+y)+2
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Tangent line at (pi, pi)

re o~ _ 2—cos(pi+y(pi))
y (pl) T cos(x+y(pi))+2 \ove = 3
_ 2—cos(2pi) _ 2-1 _ 1 glop (,“ "(ﬂ
T cos(2pd)+2  1+3 3 X

\

Derivatives of inverse trisonometric functions
- \

y(x) =sin7(x) Z 77

means: sin(y) = x use '"‘P\'C'Jr & fferohatron

cos(y)xy' =1 T,
" 1 ¢ - <y ¢ 1
y cos(y) "oz g(\{\v
=0

recall: sin?(y) + cos?(y) = 1 = cos(y) = /1 — sin?(x)

sin?(y) = x2 = (sin"}(y)) = =

1-—x2

d 1

. _1 —
dx" L V1—2x2
d “1(y) = -1
dx T V1I—2x2
d 1

_1 =

dx e ) 1+ x2
Example:

tan"1(x%y) = x + xy?, findy’
*xy +x%y)=1+y?>+x*2y*y'
=

1+ (x?y)?
roduct rule
product rale on Xy*
on X’y
2xy + <y =1+y?+x2yy’
1+ 22 1+ x2y)? Yo T xiyy
(2 20y ) =1 +y? - — 22
P\T=Ga 7Y T T TR Gy
2xy
1+y? ——20——
y = YT T+ (x%y)? 5\(“?\&3(\(}’
L 2 ¢
T-@yE 7

Derivatives of logarithmic functions
Ify =In(x) <=> x=eYe— wphat diff

x=er InnA”
1= eyy'e/d\—u.mhn
L 1 _ 1
(In(x))' = o "derivative of natural logarithm is 1/x"

Examples:
e y(x) =In(x3+1)
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@) =yIn(x)  (chain yvule)

23 JIn GO

£(©) = (n(®))? * sin(t) ™ produzct rule on
= 21n(t) * (In(t))’ = sin(t) (In(t))? and sin(t)
+(In(t))? * cos(t)

= 21In(t) * % * sin(t) + (In(t))? * cos(t)

In(x) + sin(x)
[0 =51
, (J—lc + cos(x)) * (3x% + 1) — (In(x) + sin(x)) * (3 * 2x)
f1e) = (3x2 +1)?

3x + 3_1c + 3x2 cos(x) + cos(x) — 6x *In(x) — 6x * sin(x)
(3x2 +1)2

B [3rar
2\/f + 2t 2\/ z
after simplifying:
-3 + 2t2

t% x 2 %3 + 22
flx) = eC0s(5x%) Chawn rale +"‘"u‘,
F'(x) = e°5(5%%) « (= sin(5x2) * 5 * 2x)

Lectures Page 3



